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ABSTRACT: We study the spectral flowed sectors of the Hy” WZW model in the context
of the holographic duality between type IIB string theory in AdS3 x S x T with NSNS
flux and the symmetric product orbifold of T4. We construct explicitly the physical vertex
operators in the flowed sectors that belong to short representations of the superalgebra,
thus completing the bulk-to-boundary dictionary for 1/2 BPS states. We perform a partial
calculation of the string three-point functions of these operators. A complete calculation
would require the three-point couplings of non-extremal flowed operators in the H. ;’ WZW
model, which are at present unavailable. In the unflowed sector, perfect agreement has
recently been found between the bulk and boundary three-point functions of 1/2 BPS
operators. Assuming that this agreement persists in the flowed sectors, we determine
certain unknown three-point couplings in the H; WZW model in terms of three-point
couplings of affine descendants in the SU(2) WZW model.

KEYwoRrDS: [AdS-CFT Correspondence, Superstrings and Heterotic Strings, Conformal
[Field Models in String Theory.



mailto:gaston@df.uba.ar
mailto:ari.pakman@stonybrook.edu
mailto:leonardo.rastelli@stonybrook.edu
http://jhep.sissa.it/stdsearch
http://jhep.sissa.it/stdsearch

Contents

. Introduction

=

2. Review of 1/2 BPS operators and their three-point functions
Rl The symmetric product orbifold
.3 The AdS3 x S x T* worldsheet

[ion fiov1 RN

B. Spectral flow in SL(2, R) and SU(2)
B.1] Spectral flow in bosonic SL(2, R)
B.3 Spectral flow in bosonic SU(2)

d. Spectral flow for the free fermions
[ SL(2, R) fermionic multiplets
B3 SU(2) fermionic multiplets
The Ramond sector
f.4 Interactions of fermionic multiplets

NEEEE BEEE

Bl. 1/2 BPS flowed spectrum
b.] The ADE series

=

Three-point functions of 1/2 BPS flowed operators
B.] Fusion rules
6.2 String two-point functions
String three-point functions
R-R-NS correlators
NS-NS-NS correlators

BEEEREE =E

fl. Conclusions

&l

1. Introduction

A classic example of the AdS/CFT correspondence is the duality between type IIB string
theory on AdS3 x S3 x M* where M* is Hyperkihler, and a certain deformation of
Sym® (M%), the symmetric product orbifold of N copies of M* [[[l. The duality can be
motivated from the near-horizon limit of a system of Q5 D5-branes and Q1 D1-branes, or,
in the S-dual frame, of Q5 NS5 branes and )1 fundamental strings. The number N of
copies of M* entering the symmetric product is given! by N = Q1Qs.

'From now we assume M* = T*.



While several aspects of this duality were understood early on (see e.g. [}-f] for
reviews), only this year has the status of correlation functions become more clear. Three-
point functions of 1/2 BPS operators have been obtained on the string side through exact
worldsheet computations [[—f], and found to be in precise agreement with the boundary
results of [J-[[1]]. Previous supergravity computations [[[3—[[4], which appeared to show
a discrepancy, have then been revisited [[5] and found to be compatible with this perfect
agreement once a more general ansatz for the bulk-to-boundary dictionary is assumed.

The string theory and the boundary computations are performed at different points in
the moduli space [[[6, [7], where solvable descriptions are available. This strongly suggests
the existence of a new non-renormalization theorem. In the boundary, the solvable point
is the orbifold Sym® (M*). In the bulk, it is the near horizon geometry of the NS5-F1
system, which is AdSs x S3 x M* with only NSNS flux in the AdSs x S? factors [§. This
leads to an exact worldsheet description in the RNS formalism in terms of SL(2, R)g42
and SU(2);_» current algebras, where k = Qs, plus some free fermions [[9, R4]. In this
setting the superconformal invariance of the dual theory can be seen to arise from the
string worldsheet [[[9, 1], B

Let us recall the basics of the bulk-to-boundary dictionary for 1/2 BPS operators. The
six-dimensional string coupling constant is

(1.1)
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I
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so string perturbation theory is valid for Q1 — oo, or N = Q1Q5 > Q5. In this limit,
single string states in the bulk map to twisted states in Sym’¥ (M%) associated to conjugacy
classes with a single non-trivial cycle. The length n of this cycle is related to the SL(2, R)
spin h appearing in the worldsheet vertex operator as

n=2h-1. (1.2)

The analysis of []—F] included only operators arising from the usual “unflowed” represen-
tations of the SL(2, R) current algebra, whose spin is bounded as h < k/2. On the other
hand, the symmetric product orbifold contains cycles of lengh n < N. So in the large N
limit, where the worldsheet description is valid, it appears that infinitely many 1/2 BPS
operators are missing in the bulk. The resolution of this puzzle has been known for some
time: the additional operators arise [R3, P4] from the spectral flowed sectors of the SL(2, R)
current algebra [R5-R§. Once spectral flowed representations are included, relation ([L.3)
is generalized to

n=2h—1+kuw, h=1, . w=0,1,2,... (1.3)
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where w is the spectral flow parameter.?

2 As noticed in @], the range of n in (B) is such that the values n = kw are still absent. The singular
nature of the boundary CFT @] may be related to this fact. See also the recent discussion in [@] As
described in [@], there is a connection between the AdS3 x S® background and the minimal (k, 1) string.



In this paper we give a precise construction of the 1/2 BPS vertex operators in the
flowed sectors, thus completing the bulk-to-boundary dictionary, and we study their three-
point functions. The physical states in the flowed sectors are the AdSs analogs of what
in flat space are the infinite higher-spin string modes — they are genuine string states not
visible in supergravity. Indeed, supergravity becomes a good description for & — oo, and
in this limit the flowed states acquire infinite conformal dimension. The BPS condition
correlates the SL(2, R) and SU(2) quantum numbers, and the complete vertex operators
involve a precise combination of states from the SU(2) WZW model and the worldsheet
fermions, which are current algebra descendants but Virasoro primaries.

As in [El], we obtain the vertex operators in the “z-basis”, which greatly facilitates
explicit computations. We then perform a partial calculation of three-point functions
of flowed operators. Some features of the calculation suggest that the agreement with
the boundary results continues to hold in the flowed sectors. Unfortunately, a complete
calculation requires certain three-point couplings in the ng WZW model that are not
yet available in the CFT literature. We leave their evaluation for future work. Instead
of a complete verification of the bulk-to-boundary agreement, we turn the logic around
and obtain non-trivial holographic predictions in the form of identities involving three-
point couplings of flowed operators of the H?jr WZW model and of affine descendants
of the SU(2) WZW model.

The organization of the paper is as follows. In section ] we review the spectrum and
three-point functions of 1/2 BPS operators in the boundary theory, and the spectrum and
three-point functions of unflowed 1/2 BPS operators in the bulk theory. In section [}, we
review the spectral flow in the SL(2, R) affine algebra and study its SU(2) counterpart,
which maps current algebra primaries to descendants. In section [, we study how the
spectral flow organizes the spectrum of the free fermions into SL(2, R) and SU(2) multiplets
of Virasoro primaries, and compute their three-point functions. In section [f| we assemble
our previous results to build the flowed 1/2 BPS physical vertex operators. In section
we study their three-point functions and obtain the identities that must hold assuming the
bulk-to-boundary agreement. We conclude in section 7.

2. Review of 1/2 BPS operators and their three-point functions

2.1 The symmetric product orbifold

In this subsection we briefly review the N' = 2 and N/ = 4 spectrum and three-point
correlators of the symmetric product orbifold Sym® (M*). For more details see [BJ, §—[L1].

There is one twisted sector for each conjugacy class of the symmetric group Sy, given
by disjoint cycles of lengths n; and multiplicities IV;,

(n)M(ng)™ ... (n,)Nr, ZnN =N. (2.1)

In the minimal string, the absence of the corresponding states is natural from the viewpoint of the KP
integrable hierarchy. Another curious observation [@] is that the first missing state (w = 1) has the
quantum numbers of an open string state on the HZTL brane. This is again similar to the situation in the
minimal string [@]



According to the AdS/CFT dictionary, in the large N limit each cycle is interpreted as a
single string state. Therefore, the chiral primary operators that we are interested in are
given by twist fields associated to single cycles of length n;, dressed by chiral fields of M4
itself, summed in a Sy invariant way. For M* = T, the holomorphic chiral fields are 1,
Y (a = 1,2) and 92, where ¢! and ¥? are complex fermions formed by grouping the
four fermions of 7% into two pairs. We will label the chiral operators dressed by 1, °
and ly? respectively as® 0,02 and O;f. Their holomorphic conformal dimensions are

"‘51. Each operator has also an independent anti-holomorphic

7€)

respectively A = 2 , 5 and
dressing, so the full operators are denoted as Oﬁf , where ¢, = —, a, +.

These operators are N/ = 2 chiral, namely their conformal dimension A and U(1) R-
charge @Q satisfy A = Q/2. Since Sym” (M*) has N = 4 superconformal symmetry, with
affine left and right SU(2)y R-symmetries, these are actually the highest weight states in

SU(2) x SU(2) multiplets of spins J = A and J = A. Denoting the elements of these

multiplets as yles ot i1 Ve have
€,€ ( E)
O = v, (2.2)
E,E .‘— j— ( E) € — —
Og ) —Vn _7 €,€=—,a,+ . (2.3)

It is convenient to normalize the modes VS;} i a8
M—

<V(E7€) 7V(E 76_) _ > — (_1)J+J

M ! ==
ML M AT Onn 0 0° Ongar Ogp g - (2.4)

We then sum over formal isospin variables y, 3 to define

J J
0w = 3 30 (ehiel)) D 29

g
I
L
=
I
4

where

o2\ (2.)!
i = <M+J> S UM = (26)

(€8 obey

The operators Oy,
<@(€ E)(O)(E € )> = (y, — y2)2‘](§1 _ §2)2j5nn’566/(5€€l . (2.7)

In summary, there are three series of holomorphic SU(2) multiplets @g‘)(y),@ﬁf) (y) and
(O)sf)( ), with A = J = 22, g and "+1 , respectively, where n = 1,..., N. Similarly, there
are three series of antlholomorphlc multiplets that depend on the ¢ isospin variable. The
full 1/2 BPS spectrum is obtained by putting together holomorphic and antiholomorphic
multiplets, with the constraint that cycle length n be the same for the holomorphic and

antiholomorphic factors.

3The operators of type — and + were called type 0 and 2 in [H, ﬂ]



Extremal N = 2 correlators. The three-point functions for the N' = 2 primaries
O,(f’g), which correspond to “extremal” correlators in the terminology of [B4], were computed
in [fil. The fusion rules, obtained from conservation of the U(1) R-charge and the group

composition law of the cyclic permutations, are,

(2.8)

both for the holomorphic and the anti-holomorphic sectors. These fusion rules are combined
freely between both sectors, except for the process

(=) x (=) = () (2.9)

which should occur simultaneously in the left and the right movers. This gives a total
combination of 4 x 4+ 1 = 17 possible fusions. In the large NV limit, the structure constants
for the scalar (A = A) sector are

(— )t o==) (=) A A

O 10G 0y = (N) <nm2> (2.10)
+H o) (=) 1) 1L\
+7+ T T — R

(Ony ™10, 0577) ( N> <n1n2n3> (2.11)
D) T (= =) ) 1\2 3\
(a.0) 10 (bb) () L\Y2 (nans\ "2

(Ong’ On27 On1’ >: <N> < n1 > 076 (2'13)
(++) to(0a) ) (bb) L\ (man2\ "2 o as

<Ona7 Onz7 On17 > = (N) (n—3> f é ) (2'14)

with

01
¢ = (10) . (2.15)

Here ng is fixed in terms of ny and ny from the conservation of U(1) R-charge, which gives
n3 = ny + no — 3 for () and by ng = ny + no — 1 for the other cases. The structure
constants are actually completely factorized between left and right movers, so for non-scalar
operators the three-point functions are products of square roots of the above correlators.

Non-extremal N = 4 correlators. Correlators involving the elements of the full SU(2)
multiplet were computed, in [I0, [T], only for operators of type €,& = +. The fusion rules
are

n; <nj+ng—1, i£itk Qi k=123, (2.16)



Their three-point functions are, in the large N limit,

<V(61,€1) Cyle@)  yled) ) = 1 (exn1+eang+egnz+1)(€1ny +eang+ezns + 1)
n1,M1,M1 ~ ng,Ma,Mz ~ n3,Ms,M3 VN 4(711712713)%

X L(J5, Mi)L(J5, M;) Oa1, 4 Mot Ms,00 57, 4+ 51y 1 85,0 +(2-17)

where L(J;, M;) is defined in terms of the SU(2) 3j symbols as

(2.18)

L(Js, M) = Ji Ja I3
79 1) T ]\41 M2 M3

[t o = )\ Ja + Jy = TN + Ty = )y + S+ 3 +1)! 3
(2J1)!(2J2)!(2J3)! .

€,€)

In terms of the @2 multiplets defined in (2.§), the three-point functions take the simple
form [

1 (e1ny + eang + egns + 1)(€1ng + éang + €sng + 1)

€1,€1 €2,€2 €3,€3)\ __
(Of VOl = 1 (2.19)
VN 4(711712713)5
Ji+Jo—Js, Jo+J3—J1, Js+Ji—Jo  —Ji+Jo—J3-Jo+J3—J1 ~J3+J1—J2
XY12 Yo3 Ysi ) Yo3 Ysi .

One can easily verify that these NV = 4 correlators reduce to the extremal N = 2 correlators
when we specialize to M; = +J; and M; = +.J;.

2.2 The AdS; x 83 x T* worldsheet

In the frame with only NSNS flux, the string background is described by a product of super-
symmetric SL(2, R) and SU(2) WZW models at level k, which correspond to the AdS3 x S3
geometry [[§-R0], and four real bosons and fermions, corresponding to the 7% factor. We
will actually consider the Euclidean form of AdSs, where the SL(2, R) WZW model is
replaced by the H?j' WZW model, and whose affine symmetries are still two copies of
SL(2, R).

The supersymmetric affine SL(2, R);, symmetry is generated by the supercurrents ¢4 4
6J4, A=1,2,3. The OPEs are

JA(2)T5 (w) ~ (z%ifﬁ ZEAiC_JZ)(w), (2.20)

Ty ) ~ ), (2.21)
kpAB

A" (w) ~ 22— (2.22)

1

where €'23 = 1 and capital letter indices are raised and lowered with n48 = nsp = (++—).

Similarly, the supersymmetric affine SU(2); symmetry has supercurrents x® + K%, a =



1,2,3, with OPEs

k sab ieab c(w
K%2)K®(w) ~ (22_520)2 ;f{uf ), (2.23)
K0 (w) ~ ), (221
Eéab
X (2 (w) ~ (2.25)

and lower case indices are raised and lowered with 6% = 6., = (4, +,+). We will often
use the linear combinations

JE = Jt £4J? T =t +iy?, (2.26)
K* = K' +iK? yE=xtin?. (2.27)
As usual in supersymmetric WZW models, it is convenient to split the J4, K currents
into
Jh =451, (2.28)
K% = k% + k°, (2.29)
where
. i
it == sovtul, (2.30)
7.a i a b.c
k= X X" (2.31)

The currents j4 and k® generate bosonic SL(2, R)j42 and SU(2),_» affine algebras, and
commute with the free fermions ¥, x®. The latter in turn form a pair of supersymmetric
SL(2, R) and SU(2) models at levels —2 and 42, whose bosonic currents are 74 and k®.
The spectrum and the interactions of the original level £ supersymmetric WZW models
are factorized into the bosonic WZW models and the free fermions BF]. In terms of the
split currents, the stress tensor and supercurrent of SL(2, R) are

1 4. 1
T = 2j%ja = 70" 0%, (2:32)
2 ) 2
G =+ (m + Eww) : (2.33)
and those of SU(2) are
1 1
75 = Kk = X" 0Xa (2.34)
2/( . 21
G = = x%a — X'\ ). (2.35)
k k
The total stress tensor and supercurrent are
T=T1"4+75+1(T" (2.36)
G =G +G%+a(Th (2.37)



where T(T*) and G(T*) are the stress tensor and supercurrent of 74, and one can check
that the central charge adds up to ¢ = 15. Here and below we focus on the holomorphic
part of the theory, but there is a similar antiholomorphic copy.

A primary field of spin & in the SL(2, R);12 WZW model satisfies

DA®y(z,T;w, w
A By w) ~ — 22 2@ T D) (2.38)
z—w
where the operators Dz are
D, = 0,, (2.39)
D3 =0, +h, (2.40)
D = 2%, + 2hx . (2.41)
The conformal dimension of ®, is
h—1
Ay = —M . (2.42)
k
The field ®;, can be expanded in modes as
Op(2,3) = Y Ppmma T T, (2.43)

but the range of the summation is not always well defined [R0). Yet, the action of the zero
modes of the currents on ®y, ,, 5 is well defined and can be read from () to be

Jo @hmm = M®Phmm (2.44)
(mF (h—1)Phmt1,m (2.45)

-+
.70 (I)h,m,m

and similarly for the anti-holomorphic currents. The x,Z variables are interpreted as the
local coordinates of the two-dimensional conformal field theory living in the boundary of
AdSs3.

The Hilbert space of the SL(2, R)x2 consists of the usual “unflowed” sector and of the
spectral flowed sectors [Pd, P7]. Let us recall the structure of the unflowed sector. As usual,
we can decompose it in representations of the current algebra built by the action of the
negative modes of j4 on affine primaries. In turn, the affine primaries form representations
of the SL(2, R) algebra of the zero modes. The relevant representations of the zero modes
are delta-normalizable continuous representations, with h = % +iRand m = a+Z(a €
[0,1)), and non-normalizable discrete representations, with A € R obeying

1 k+1
—<h<——. 2.46
The discrete representations can be either lowest-weight d, with m = h,h + 1..., or

highest-weight d, , with m = —h,—h —1.... The spectral flowed sectors of the Hilbert
space will be considered in the next section.



The bosonic SU(2);_2 WZW model has primaries Vj ,,, 7 with m,m = —j,...,+j, and
the spin j is bounded by [Bd, B

k—2

0<y< 5 (2.47)
The conformal dimension of Vj , i is
(i1
A= % . (2.48)

Similarly to the x,Z variables of the SL(2, R) sector, isospin coordinates y,y can be intro-
duced for SU(2) [Bf], such that the primaries are organized into the fields V},

J
Vi) = D Vienmy "y (2.49)

m=—j
The action of the k% currents on Vj(y; 2) is

PV (y;w
Kk (2)V(y; w) ~ _BVliw) , (2.50)

Z—w

where the differential operators

Py = -0, (2.51)
P} =yd, —j (2.52)
Pl =4?0, — 2jy (2.53)

are the SU(2) counterparts of DZ. There is a similar antiholomorphic copy. The action of
the zero modes of k% on Vj ;,, s can be read from (R-50) to be

k‘g‘/j,m’m = m‘/}"m7m (254)
ks Vimm = (Em+ 1+ ) Vimtrm (m# £5) (2.55)

and similarly for Eg .
_The 1/2 BPS vertex operators in the bulk that correspond to the boundary operators
0% are SU(2) multiplets obeying

H=J H=1J, (2.57)

where the upper-case spins H and J are similar to A and j but measured with respect to
the full algebras J4 and K°. In the unflowed sector of SL(2, R) these chiral states were
obtained in [B] in the m,n basis, and were recast in z, y basis in [[f]. One finds that both in
the holomorphic and anti-holomorphic sectors there are three families of operators, in 1-1

)

correspondence with the operators @ﬁl‘),(),(f’ and @ﬁf of the symmetric orbifold. Basic

building blocks are the k — 1 affine primaries

=

I

=
N w

(2.58)

| T

On(z,y) = Pp(2)Vi_1(y)



which have A(Op(z,y)) = 0. In the holomorphic sector, in the —1 (—1/2) picture of the
NS (R) sector, the three families of operators are given by?

0\ (x,y) = e P Op(z, y)v(z) H=J=h-1 (2.59)

O\ (,y) = € 2 Op(z, y)x(v) H=J=h (2.60)

O (@,y) = ¢~ 2 Oz, )5 (z,y) H=J=h- a=1,2  (261)
where

P(x) = =T + 209° — 2%y, (2.62)

x(@) = —xT + 20 + 2, (2.63)

and s% (x,y) are spin fields whose explicit form can be found below in (f.3). Here ¢ is the
usual boson coming from the bosonization of the 8 ghosts [BY]. The full vertex opera-
tors are obtained by dressing the above expressions with the anti-holomorphic operators
¥(z), X(9) and 59(z,7).

After normalizing the bulk vertex operators as in (R.7), it was shown in [f—f] that
their three-point functions agree with those of the boundary, under the identification

n=2h—1. (2.64)

The range of h and of the correlated quantum number j = h — 1 are restricted by the
bounds (P.46) and (R.47). We see that there are k — 1 operators of each type.

As explained in the Introduction, in the symmetric orbifold the quantum number n can
be an arbitrary positive integer. The missing bulk vertex operators arise from the spectral
flowed sectors of SL(2, R). A key point is that while all the operators in (R.59) are built
from affine primaries, BRST invariance is less restrictive and only requires the operators
to be (super)Virasoro primaries. In section ] we will find that that each family of physical
vertex operators admits infinitely many spectral flowed relatives

kw

Of(z,_u)J = e_¢<1>h,wvh—1,w w41 Xw H=J=h+ o 1 (2.65)
k
O;fu), = ¢ P00 Vi 10 Y Xwt 1 H=J=h+ 711) (2.66)
a _e k 1
Of(m)u —¢ §®h7th_1,w sm_ H=J=h+ 7w ~ 5 (2.67)

where a = 1,2 and w is a non-negative integer. The bulk-to-boundary dictionary generalizes
to

n=2h—1+kuw. (2.68)

Here &, ,, are operators in the spectral flowed sectors of H. ;’ s Vh—1,» are multiplets of the
global SU(2) symmetry built from affine algebra descendants, and ,,, X and Sy,— are

4The operators of type — and + were called type 0 and 2 in [ﬂ]
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SU(2) and SL(2, R) multiplets that are descendants in the Hilbert space of the fermions.

All these fields are Virasoro primaries.
In section |J we study in detail the fields ®,,, and Vj,,

. In section | we consider the

fields ¥y, Xw and sy — and their interactions. In section E we assemble these ingredients

to obtain the 1/2 BPS vertex operators.

3. Spectral flow in SL(2, R) and SU(2)

The modes of the SL(2, R); currents satisfy

[T Tn) = ——n5n+m0

[J2, Ji] iJg;m

[Tt Im) = =2J5 i + ki o
[ ﬂﬁm] = U,

[T ] = F2¥im

B5 v¢m] = :F¢n+m
{vn, U} = —=0ntmo

{1/% 71/}771} - kén—i—m,o-

The SU(2); modes satisfy

K3, K] = gnbuamg
(Ko K] = £K4
(K K] = 2K, + kndpgmo
(Ko Xm] = EXorsm
[Kivxm} = :l:2X§L+m
(KX = Fxirem
k

{X%an} = §5n+m,0
{Xr—i;’Xr_n} = kén—l—m,O-

Both algebras have spectral flow isomorphisms, corresponding to the replacements

JA A — JA A and K9 x* — K® x*. For SL(2, R);,

. k
J=J3 - 5 Wno

j:l: — J:I:
by =)
wn wn:l:w ’

— 11 —



where w is an integer. For SU(2)y,

K3 = K3+ gwanp (3.21)
Ky = Kipo (3.22)
X = Xo (3.23)
X = Xotw- (3.24)

Let us adopt the collective names

F = {4 9%k x (3.25)
F = {74 ¢4 k%) (3.26)
The spectral flow is useful because it maps one representation of the affine algebra into

another. For this, we build a representation with the unflowed F generators, and read its
quantum numbers in the spectral flowed frame F with L, Jg, Lg , K¢, which are given by

JE =T+ wg (3.27)
L = I —wi}—tu? (3.28)
and
K§ = K3 - wg (3.29)
Ly = L§ —wK{ + ng. (3.30)

This map has a very different nature in the j4 sector than in the k%, y* and ¢ sectors.
For these last cases, the spectral flow amounts to a reshuffling of different representations
which maps primaries to descendants. On the other hand, in the j4 sector it generates
new representations, whose Lo values are unbounded from below (see e.g. [i(]). In the
context of strings propagating in AdSs; backgrounds, it was shown by Maldacena and
Ooguri in [P-P§| that it is necessary to include these new representations in order to
solve several consistency problems, such as an unnatural bound on the excitations of the
inner theory and the identification of long strings [R9, [T, and to obtain a modular invariant
partition function [R7, EJ].

3.1 Spectral flow in bosonic SL(2, R)

A general feature of spectral flow, which will be very important for us, is that an affine pri-
mary state in F, is mapped to a Virasoro primary in F', which is moreover a highest /lowest
weight state in a d* representation of the global algebra [B§. Indeed, consider a highest
weight state |¢) of the affine algebra 74, satisfying

7le) =0, s=1,2,... (3.31)
Jole) = mlp). (3.32)

- 12 —
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Figure 1: Weight diagram of SL(2, R). The points in the j§ axis are affine primaries in a
d; representation. The spectral flow of the state with m» = h by w = 2 units gives a state
at level —2h — k/, which is the lowest weight state of a dj; representation of the global algebra
with H = h + k’. All the states of this d}; representation are Virasoro primaries.

Since in the spectral flowed frame F', the global SL(2, R) algebra is

/

o =T d=Rtge K =k+2, (3.33)

the state |p) obeys, for w positive,

/

il =0 o=+ Fulld  w>o. (3.34)

Therefore, in the F frame, |p) is the lowest weight of a discrete d}; representation of the
global algebra, with spin H = m + %w. Similarly, for negative w, |¢) is the highest weight
of a discrete representation dj; of the global algebra, with spin H = —m — %/w. We will
assume that for w > 0 we have m > 0, and for w < 0 we had m < 0.

Let us consider the case w > 0. On the state |¢), we can act with ji to create the
infinite higher states of a discrete lowest weight representation, which we normalize as

JolH,m) = m|H,m) m=HH+1... (3.35)
Jy |H,m) = (mF (H—1))|H,m + 1), (3.36)

where H = + 5w and |H, H)

= |¢). In figure ] we show an example of the position of
these new multiplets in the SL(2, R); weight diagram.
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We have considered only the holomorphic sector of the theory, but there is a similar
anti-holomorphic copy of the currents on which an identical amount of spectral flow must
be performed, and the flowed states depend also on indices H,m. The operators Qo m
that create the flowed modes from the vacuum can be formally summed into the field

O (@, 7) =y D a Homg o, (3.37)
m,m

with

k i
H =i+ Sw H =+ Zw. (3.38)

/ k/

This field is not an affine primary in the flowed frame F', but it is still a Virasoro primary.
To see this, note that the positive Virasoro modes in the I’ frame,

L = LT —wjy, (3.39)

annihilate the state |¢), and the operator jg’ which creates the other modes commutes
with L. The zero modes of the SL(2, R) currents act on DY 5(,7) as

where D2 are the differential operators (R.39)-(R.41]) with h — H, and similarly for the
anti-holomorphic sector. Note that we have not mentioned the SL(2, R) spin h of the
unflowed representation, since the spin H in the flowed frame F' depends only on the value
of m. On the other hand, the conformal dimension of @11’3’ 7(2,Z) does depend on h and
is given, from (B.29), by

-1 /0042
The expression (B.37) for % 7(7,%) is actually quite schematic. The field should be
considered as a meromorphic function of H, H, and its modes in the m, m basis are obtained

(3.41)

from the integral transform
w d‘rz H4m H+m Fw =
<I>m7m = —|x|2 T T (I)H,H($7 z). (3.42)

So negative values of m,m are obtained also from Q% 7(%,%). Moreover the sign of w
is correlated with that of m,m, so (I)LPUL H(:E,:Z") contains both signs of the spectral flow
parameter w, and we can use positive w to denote it [§]. A special case occurs when
the original state was the lowest weight of a discrete representation d;, with m = h.
In this case performing spectral flow with w = —1 leads to an unflowed lowest weight
representation dé_ N . Thus, the field in the z basis contains the representations with

spectral flow parameters w and —w — 1. This case will be relevant for us in the flowed
chiral operators, and we will denote the operators obtained from 7 = m = h, which have
H=H=h+Kuw/2by

Py, (2, T) (3.43)
instead of ®Y ..

We refer the reader to [B6-R§ for more details on the SL(2, R) spectral flow. We now
turn to study how the spectral flow acts in the bosonic SU(2),» sector.
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3.2 Spectral flow in bosonic SU(2)

Let us see how the map of an affine primary into a lowest/highest weight of the global
algebra works for the bosonic SU(2);_o algebra k. If |¢) satisfies

k%) =0, s=1,2,... (3.44)

kole) = 7ile) (3.45)
then, using

=k, KR, (3.46)

we get that in the flowed frame F', for w positive,

k//
=0, K= (- Sull w=k-2, (3.47)
Thus |¢) becomes the lowest weight state of a spin J = —n + %ﬂw representation of the

global SU(2). Similarly, for negative w, |¢) is the highest weight state of a representation
with spin J =n — %ﬂw.

As already mentioned, the spectral flow maps the Hilbert space of the SU(2) WZW
model to itself. This can be seen from the characters. In the F' frame, a spin j character

of SU(Q)k_Q is

o< P S} ¢,p) —O_1—1%(q,p
Tr(gh0~%p") = Mi(g,p) = gisgq p; - ®_l1 21(Z(p) | (349
where | =25 =0,...,k—2 and
Omilep)= Y, ¢™p*. (3.49)

nEZ-i—%

Expressing Lo, k§ in terms of Lo, l;:g’ , we obtain the corresponding character in the spectral
flowed frame F [4d],

(k—2)w? (k—2)w
L)

Tr(qho~21pk0) = ¢ p 2 N(g,q"p) (3.50)
_ Ai(q,p) for w e 2Z (3.51)
Me—o—i(q,p) for we2Z+1. '

So a spin j representation is mapped to a spin j or %ﬁ — j representation, according to

whether w is even or odd. A similar mapping of the characters for the SL(2, R) algebra
can be found in [f4].

In the next section, we will be interested in the case when the original unflowed state
is an affine primary |—j, ), with spin j, n = —j and A = j(j + 1)/k. Let us consider w
positive. For w even, w = 2p, we claim that this state is mapped into

|—J, J) = (kZgy) 2 (kZgp ) )F 72 (K20) ™ (k)K= 5, 5) (3.52)
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Figure 2: Weight diagram of a spin j representation of affine SU(2)~ and the multiplet obtained
from spectral flowing the k3 = —j affine primary by w = 2 units. The points in the k axis are 2j+1
affine primaries. The affine descendants of the horizontal line at level k" 4-2j are Virasoro primaries
which form a representation of the global SU(2) symmetry with spin J = j + k.

with
J=j+K'p. (3.53)
For w odd, w = 2p + 1, into
=T, ) = (kg 1) (KZgp) ¥ 2 (KM ™2 (27 | — K /24 5, K" 2 - j), (3.54)
with
J=j+K'(p+1/2). (3.55)

To see that (B.53) and (B.54) are the correct states, it is sufficient to note that their quantum
numbers are

k3 = —j —wk"/2, (3.56)
L 1 !
Lo = % +juw+ (3.57)

as expected from (B.29) and (B.30) (with k — k”). For fixed w and k”, there is a one-to-
one correspondence between the quantum numbers L, k;g of the unflowed and the flowed
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SL(27 R)k’ SU(2)k”

Jo/k3 m n
jo k8 m+ k'w/2 f—k"w/2
H/J m+ kK w/2 —n+ k'w/2

A | —h(h=1)/(K —2) —wn —Kw?/4 | j(G+1)/(K" +2) —wi + K'w? /4

Table 1: Quantum numbers in SL(2, R), and SU(2),~ before and after performing spectral flow
by w > 0 units.

states, hence the multiplicity of the states is preserved under the spectral flow. Since the
original state |—j, j) was the only one with its quantum numbers, this guarantees that (8.57)
and (B.54) are the correct states. To verify that the flowed state is a Virasoro primary, note
that it lies in the border of the weight diagram of the affine SU(2),~ algebra (see figure f),
so the action of any Virasoro mode L, with positive s would take it outside of the diagram.

The full multiplet with spin

kE'w
2

J=j+ (3.58)

can be generated by acting on (B:53) and (B-54) with kj. Let us normalize the states in
the multiplet as

koln, J) = nln, J), (3.59)
kEn, J) = (Fn+1+J)n+1,J), (3.60)
k| +J,J) = 0. (3.61)

Since the kf’s commute with the Virasoro generators, all the members of the multiplet are
Virasoro primaries with conformal weight (B.57). In figure ] we ilustrate the position of
the elements of this multiplet in the SU(2),» weight diagram for the case w = 2.
Applying the same amount of spectral flow to the anti-holomorphic sector, the opera-
tors Vo

', which create the states [n,7n, J) from the vacuum can be summed into

]w y’ Z /r:l) n+J ——TL+J . (362)
n,n=—J

This field is not an affine primary of the k® currents, but the zero modes act on it as
ko Viw(y, w) = =Py Vjaw(y, w) (3.63)

where P’ are the differential operators (R.51)-(2.53), with j — J, and similarly for the
anti-holomorphic currents.

In the table below, we summarize the quantum numbers of the SL(2, R)s and SU(2)g»~
states before and after performing spectral flow by w units, with w > 0.
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4. Spectral flow for the free fermions

As already mentioned, the spectral flow for the free fermions is just a rearrangement of the
spectrum. The effect of this rearrangement is to provide finite dimensional representations
of the global SL(2, R) and SU(2) algebras in terms of Virasoro primaries of the ¢ = 2
theories of three fermions. For the SU(2) case, this construction was studied in [i5] using
an N = 1 theory of a free boson and a free fermion. This is the supersymmetric version of
the construction in [Aq)].

For some expressions, it is convenient to have a bosonized form of the fermions. For

this, we define

2
OHy = 4™y, (4.1)
2
OHy = EX2X1, (4.2)
2,
0H3 = Euﬁ?’x?’. (4.3)
We normalize the four fermions of T4, nf, i =1...4, as
() o 4.4
W () ~ (14)
and they can be bosonized as
OHy = n’n', (4.5)
OHs = n*n?.
where
Hi(z)Hj(w) ~ —d;5log(z — w) . (4.7)

In order to get the correct anticommutation among the fermions in their bosonized form, we
should also introduce proper cocycles [i7]. For that, we first define the number operators

Ny =i jq{ OH; (4.8)
and then work in terms of bosons redefined as
Hy=H;+7m) Nj. (4.9)
i<t

The fermions are expressed in terms of H; as

vk vk Vi

and the cocycles pick the right signs using the relation

o _ Yl £ i) eTif2 _ M eFifls — M (4.10)

eiaNj einj — einj emNj emb j=1...3. (411)
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In terms of the H; bosons, the fermionic currents are

7 =i0H, , (4.12)
j:l: — ieiiﬁl <e—ilfl3 _ e—i—iﬁg) ’ (413)
k3 = i0H,, (4.14)
= q:eiiﬁz <e_’ﬁ3 + e+iﬁ3> . (4.15)

4.1 SL(2, R) fermionic multiplets

Let us consider the spectral flow in the ¢4 sector first. The NS vacuum in the F frame is
an excited state in the 7' frame, given, for positive w, by [i]

’6> = k_w/2 1/}:11)4_1/21/}:1”4_3/2 U 1/1:1/2\0> (416)

and for negative w
‘6> = k_w/2 ¢f‘w|+1/2¢f|w‘+3/2 e ¢i_1/2’0> (4'17)

where the factor k~%/2 is to have (0|0) = (0|0) = 1. To check that this representation of |0)
in the F frame is correct, note that it is annihilated by ¢ = ¢2, and 93 = ¢3 for n > 0
and that it has 73 = —w and Lo = %2, as expected from (B.17) and (B.2§) with k = —2.
As we discussed above, for positive w, this is the lowest weight state in a representation

of j(j)E 3 with spin H = —w, which in this case is finite dimensional. So let us call this state
|0) = |—w). (4.18)

Starting from it we can build the whole multiplet, and we normalize its 2w + 1 states as

Jolm) = m|m) (4.19)
Jolm) = (mF (H —1))jm £ 1) (4.20)
JEl£w) =0 (4.21)

with H = —w. Let us call U} the fields that create these states from the vacuum. The
lowest and highest states have the simple bosonized expression

U, = e v (4.22)
UY = ¢wih (4.23)

and since 7% = iOH,, it is easy to see that they have the correct quantum numbers. We
can now formally sum the multiplet into a field v, (),

—h
Yolz) =Y Uy (4.24)
m=h
with H = —w. Note that it has fermion number (—1)". For example, for w = 1 we get
Yuw=1(2) ~ =P + 2297 — 2%y~ (4.25)
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which is the field called ¥ (z) in [{. From (f£20) it follows that the zero modes of the
currents act on ¢, (z) as

jéqu(x) = _D;‘ww(x) (4'26)

where D2 are the differential operators (P-39)—(B-41)) with H = —w.

One can repeat the same exercise for the three other affine primaries of the F' frame
in the NS sector, namely, ¢f1/2](~)>,¢:1/2\(~)> and ¢?11/2’6>' We will be interested below in
the last two cases.

Consider first the state 1/1:1/2@ for positive w. From (f.14) and 1/1:1/2 = w:w—1/2’ we
have

RV207, 00 = kDR T T e 10 (4.27)

so this state would have come from the F vacuum |0) if we had flowed w + 1 units instead
of w. It gives rise to an SL(2, R) multiplet with spin H = —w — 1, which, summed as

in (f.29), gives the field ¢)y41(2; 2).

Consider now, for positive w, the state

2~ ~ —(w _ _ _
\/;¢31/2|0> = V2k ( +1)/27/’?il/2¢_1/2¢—3/2"'¢—w+1/2|0> (4.28)

In the F frame, it is the lowest state in a representation of the global SL(2, R) with
spin H = —w, and conformal dimension A = “’72 + % We can now build the whole
multiplet as in ([L20)—(E21). Let us call Us® to the operators. We can and sum over z as
in ([.24), and we call the corresponding field 3 (z;2). Note that it has fermion number
(—=1)w+L. For w = 1 we get

Yo (@32) ~ =57 (2) + 22)°(2) —2%] 7 (2) (4.29)
which is the field called j(x) in [[f]. Finally, consider the state

V2

~ ~ ~ 1 ~ ~
T¢il/2¢:1/2|0> = _j:1|0> (4'30)

V2

Following a reasoning similar to the 1;:1 /2|(~)> case, the corresponding field in the flowed
frame F is 1/)3}“(:17; z).

4.2 SU(2) fermionic multiplets

The case of the SU(2) fermions is similar. The vacuum in the F frame is mapped, for
positive w, to a state

0) = |—w) (4.31)

with k(?j = —w, which is the lowest weight of a representation of spin J = w for the zero
modes k:(j]E 3 in the flowed frame. We obtain the other states in the multiplet as

k3m) = m|m), (4.32)
kfim) = (J4+1+m)|m+1), (4.33)
kE|+w) =0, (4.34)
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with J = w, and the operator that creates the full multiplet is defined as

w
= Z y T T (4.35)
n=—w
The case w = 1 is given by
Xuw=1(y) ~ =x +2ux° + ¥*x ", (4.36)

which is the field called x(y) in [[. The action of the zero modes is now

k§xw(y; 0)|0) = —Pyxw(y; 0)]0) (4.37)
where Py are the differential operators (-) (B53) with J = w. The field x(y, 2) is a
Virasoro primary with dimension A = w? " Another state which will be useful below is the

spectral flow of the state x_; /2\O>. By an argument similar as above, in the spectral flowed
frame F', for w > 0, it gives rise to the field x+1(y, 2).

4.3 The Ramond sector

The Ramond sector gives fermionic representations with half integer spin, and it is conve-
nient to work with the SL(2, R) and SU(2) together.
We define the Ramond operators in the unflowed frame,

g[ﬂ €2,e3] = € i i Hzﬂng (4.38)

and the corresponding states
ler ez es) = Sley ez a]10) - (4.39)
From table 1, with k' = —2 and k" = 2, we see that the states | — — =) have 73 = —w — %,

l%g’ =w+ % and A = % + w? + w. These quantum numbers fix them uniquely (up to an
overall phase) to be

|- —i>~ _ e—z’(%-ﬁ-w)ﬁl—i(%—i—w)ﬁzi%ﬁg|0> (4.40)
— B XD U Ty e H e g ()

We will also use the notation
|— —4) = —w/2—-1/2,—w/2 —1/2)¥ . (4.42)

Acting on these states with raising operators jar and IQ:SF we find the states |nj,n2)Y¥,
normalized as

JEIng,m2)? = (m F (H —1))|ny £ 1,n2)%, H=—w-— % (4.43)
1+ 0+ 3), )iy =0 (1.44)
kEing, no)? = (J + 14 ng)|ng, ng + 1Y, J:w—i-% (4.45)
kEing, +(w + %)xg =0. (4.46)
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Field H J A Unflowed state | Fermion Number | Sector
Yu () —w - « 0) w

Yuri(e) | —w-1] - i is 07,5100 w1

G | e |- e R0 w1 NS
Vi () | —w—1 - (wél)z +3 15?11/21;:1 ,[0) w

Xw(Y) - w %2 ’6> w

xorily) | - [wer | LD X1000) w1

0 — e | %43 1200 w1 NS
o) | - Jwrr | B LR %D, 00 w

Sty | —w—3%|w+i|2+w+w]| SE(z,y)0) R

Table 2: Fermionic multiplets obtained from w > 0 units of spectral flow.

(The above equations hold with the subscript x separately equal to + or —). Finally we
are in the position to define the states

w+1/2

>

ni,ne=—(w+1/2)

|55 (2,)) = e e (RPN (4.47)

In the table below we summarize the fields that we have defined in the fermionic
sectors. They will enter the construction of the 1/2 BPS operators.

4.4 Interactions of fermionic multiplets

The fermionic multiplets we defined are not primaries of the affine algebra. They are
however Virasoro primaries, and the zero modes of the j* currents act as D2 and Pj. This
is sufficient to fix the z, y and z dependence of their two and three-point functions. Let us

consider the NS sector of the SL(2, R) multiplets for concreteness. The two-point functions

: oy L (@)

(b (213 21) 9w (225 22)) = ()™ (4.48)
T 2w

(U (215 2005 (25 22)) = (2121)2%“ (4.49)

where the coefficient in the rhs is fixed by taking z; — oo in wl_zwww(xl) and x5 = 0, so

that eq. (.48) becomes
1

(z12)"?

and similarly for eq. (f.49). The three-point functions of three 1) multiplets are

(V2 (21)V¥(2)) = <e—iwﬁ1(z1)eiwﬁ1(zz)> — (4.50)

(s, (T1; 21) sy (T2; 22) g (35 23)) = FO (w1, wa, wg) iy T2 78 gl rws—wi guwstws —ws

—A1—Ao+A3 —As—Az+A1 —Az—A1+Az
X 215 Zo3 231 ) (4.51)
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where A; = w?/2. There are actually four possible combinations of ¢ and ¢ fields, and
we denote their three-point functions as follows

(P, (1) Vg (22) V5 (23)) = F1O (w1, w2, w3), (4.52)
(Wb (1) (w2) 0, (23)) = FO (w1, wa;w3), (4.53)
<¢w1($1)¢32($2) o (23)) = £ (w5 w2, w3) (4.54)
W3 (21U, (22)¥d, (23)) = fO (w1, w2, w3). (4.55)

We have omitted the dependence on the x; and z;, which is similar in all the cases. The
functions f© and f®) are symmetric in the three arguments, and for f&) and f@ we
have indicated the symmetries f(l)(wl,wg;wg) = f(l)(wg,wl;wg) and f(z)(wl;wg,wg) =
f (2) (w1; w3, wse) by means of the semicolon.

We want to compute now the structure constants f (1), As we mentioned above, the
1, 1% multiplets are a generalization to ¢ = 3/2 of a similar structure that organizes Vira-
soro primaries of ¢ = 1 into SU(2) multiplets [if]]. For the latter, the three-point functions
were computed in [[fJ], and our results below are a generalization of those computations.
But instead of computing the four f(’s, we will see that it is enough to compute f©
and f) and f@ and f® are obtained using supersymmetry.

Consider first f(©). Each field t,,(z) is a sum over modes Uy, given by ([.24). Taking
21,21 — 00 and zg,xo = 0 gives

(U™, (00)UR2(0)USs_,, (1)) = FO(w, wa, ws) . (4.56)

—w1 w1 —w?2
First note that if wq; = wy + w3, the above expression becomes
<e—iw1H1(oo)eiwzﬁl(O)eiwglill(l)> -1 (457)

and similarly for wo = ws + w1 and w3z = wy + we. When none of these extremal cases
occur, we can assume that

w; < wj + wg itj4Ak i k=123. (4.58)
Then we have
Uituae) = U3 (2) (4.59)
25'_>ﬁ“ %%Wmlmm ¥ ()i () i )
where

p=w —wz+ws, (4.60)

and p should be even so that the total fermion number of the three-point function is even.
With the above expression for U;,?_, , eq. (E56) becomes

w1—

FOwn,wa,un) = - <—>pj£du1 » jgdup@[)?’(ul). () (4.61)
xHuw2 1 —w) “’SH( —uj)

1<j
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The contours of the u;’s, which surround the point z = 1, can be deformed to include the
point z = 0, since the integrand has no singularities at z = 0. We can then change the
exponents infinitesimally into

FO (w1 19, ws) = l, <l>p7§ duy ... 7§ duy (63 (ur). . 3 () (4.62)
X Hu 1 — ) 6 H

1<j

where
p=1/2 a=wy+e€ B=—ws—¢ (4.63)

This allows us to further change the contours into the [0, 1] segment of the real axis,

FO (wy, wy, w3) = (Singrm)> %(%) (4.64)
></1dt1.../1dtp(¢3(t1)...¢3(tp) Y]t 2th°‘ (1—t;)
0 0 1<J

The above integral was computed in [50, FI]. Using egs. (A.7) and (A.11) in [{] gives®

’l

f(o)(wl,w2,ZU3) = (M)p (ﬁ)ﬁzﬁf(l—i—a—i—[i]) 1+5+ % HF (i | 5

m w5 TA+a+p8+5+[5) =% V2
(4.65)
which can be expanded as
"T(1 4wy + [E)T(1—ws — e+ [E) T+ 1 — [£])
O (wy, wy, w3) = (€)P 2 22 2 4.66
FO(wr, s, ws) <>Z_1:I0 T EE——— (4.66)
Using now
. . (—1)ve 5]
'l —ws—e+[i/2])T (w3 +€—[i/2]) ~ — (4.67)
we get, as € — 0,
p—1 i . ;
(L+we+[5)PE+1-[5])
(O)w,w,w 2 4.68
Jo sz, ws) gr1+w2—w3+ B+ 5D T(ws — [3]) 09
Since p is even, this expression can be rearranged into
S F2 . F2 .
5O (wr w5, w5) = [ (wa + 1) T2(d) (4.69)

P F2(% + Z) F2(w3 +1— Z)

5Note that in [@7 the solution of (A.10) for the special case n’ = 0 is not obtained by setting n’ = 0
in (A.11), but by retaining the last factor in (A.11).
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where

S_B_wl—wz—l—wg
5=

5 (4.70)

In order to make the symmetry between the w;’s in ([.69) manifest, we can use identities
like

w1 twa+wg wi twaytwg
S 2 w2 1 2
HI‘(wg—l—z): ‘H ING) ol r(i), (4.71)
=1 1=1+w2 i=1 i=1

and all the factors in (f.69) get expressed in terms of the function

%L
=[], (4.72)
i=1
defined for n even. This gives finally

(4.73)

where
w=wi + wz +ws. (4.74)

Note that the final expression for f(© is symmetric in the w;’s, although this was not
manifest in the intermediate steps of the computation.

The computation of f(!) follows along the same lines, the only difference being that
now p should be odd in order to have an even total fermion number. The expression for
f is given by an integral like (f.63), but with an additional insertion of ¥3(1) in the vev
of the ¥? fermions. This integral can be computed using eqs. (A.16)-(A.17) of [B(], and
leads to®

()

['(1 4 ws)T (7“’1“’22—“)?*1

£ (wr, wa;ws) =

3
R(w—2w; +1)
1) 4,
(w+ ];[1 R, (4.75)

In order to compute f? and f®), we can use that the ¢4 fermions have an N =
supersymmetry structure with supercurrent

9\ 3/2 9\ 1/2
G = <%> Pl — <%> OH, (4.76)

6A small correction seems to be needed in eqgs. (A.16)-(A.17) of @] Those equations express the
integral that we need in terms of eq. (A.12). In the denominator of the last line of (A.12), one should add
1/2 to the argument of the I' function. For the case p = 1 it is easy to check that this is correct using
Cauchy theorem.
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which relates the multiplets 1 (x) and ¥3(z) as
—iw (z,2) = j{dz’G(z')ww(z,m) (4.77)
Wiy (z,2) = jédz'(z' —2)G( )3 (2,2). (4.78)

Expressing vy, (21, 1) inside the correlation function ([.51) by means of ({.7§), and chang-
ing the contour to encircle vy, (22, x2) and 1y, (23, x3), one gets

wi f O (wi, wa,ws) = wa f@ (ws; wi, wa) + ws fP (wa; w3, wr) . (4.79)
Doing the same operation but starting with ¢, (22, x2) and 1y, (23, x3) gives similarly

wo f O (wr, wa, w3) = wsfP (wi; wa, wz) + w1 fP (ws; wy,wa) , (4.80)

ws O (wi, w2, w3) = wi fP (wo; ws, wr) + ws fP (wi; wa, ws) (4.81)

and these three equation can be inverted to yield

w%—l—wg—w%

f(2) (wl; w9, ’wg) = < > f(o)(wl, wa, wg) . (4.82)

2’[02 w3

One can use similar techniques to express f) in terms of (). The three-point functions of
the SU(2) multiplets x. (1), X3 (1), are given also by the functions f) up to trivial phases.

5. 1/2 BPS flowed spectrum

The operators Oi(f) (z,y) in (R.5Y) have well defined spins, H = .J, under the total cur-
rents JA, K4, and can be expanded in powers of z,y as

J
O @) = e Y (Wt T N Vg (5.1)
m n=—j
j+1 .
O}(Lﬂ(x,y) = e_d’z By Z (XV)j1ny "HIH (5.2)
m n=—j—1
j+1/2

Of(:l) (LZ', y) = 6_% Z Z (S(I)V) (h—1/2,m+1/2) x_m_h+l/2y_n+j+1/2€ii(ﬁ4_I:IS) (53)

i+1/2,n+1/2
e o1/ (3+1/2,n41/2)

where in all the cases the relation j = h — 1 holds, and the two signs of eFi(fa—Hs)

correspond to a = 1,2. The modes (Y®)n—1,m, (XV)j+1,n and (S®V) (h-1/2,m11/2) are states
(+1/2,n+1/2)
in irreducible representations of the tensor product of ®;,, and Vj, with the fermions,

with the indicated spins and J3, K3 eigenvalues. Their explicit form is

(W) h—1m = VT ®p1 + 2030 — Y B (5.4)
OV)js1m = =X Vine1 +2X Vi + X Vins1,
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and

(SOV)tn-12mt1/2|0) = |+ +)-PrmVin + |+ =)= PrmVin+1 (5.6)

(3+1/2,n+1/2)

H =) Phmt1Vim+ | — =)= Phm+1Vint1

where

l—eo

|€17 €2>— = (i)75[61,627—6162}|0> . (57)

and the spin fields S, ., .,] are those of ([.3§). The first and second signs in | + =£)_ refer
to the eigenvalues 73 = +1/2 and k$ = +1/2.

We are interested in chiral states whose SL(2, R) part belongs to the spectral flowed
representations. It turns out that in order to keep the BRST invariance and the chirality
condition H = J, the easiest way to proceed is to apply the spectral flow to all the

G4, A ke x@ algebras.

1/2 BPS flowed spectrum in the NS sector. Let us start with an O}(L_)(x, y) operator
in the unflowed frame F. Since the spectral flow is best defined on states diagonal in jg’
and K@, we pick a generic term in its z,y expansion (f.). Omitting the e~? factor, we
consider then the operator

W®)p-1,4 Va1, (5.8)

which, according to (5.4), creates on the vacuum the state
(21;31/2@&1’71, - &jl/Qi)h,m—l - 1;:1/2(i)h,7h+1> Vh—l,ﬁ‘6> . (59)

Note that we denote the spin in the unflowed frame by h. This is a superconformal primary
with Ly = 1 /2 in the F frame. We consider it now in the physical frame F', in which we
have performed w units of spectral flow in both SL(2, R) and SU(2), with w positive. The
stress tensor and the supercurrent in T" are given by [i§

Ly = Ly —wJ? —wK?, (5.10)
Gy = G —wi? —wx?. (5.11)
Note that the terms i%wz in Ly have canceled between SL(2, R) and SU(2). We should

require this state to be chiral, have Ly = 1/2 and be annihilated by the positive modes
of Ly and G,. Imposing Lo = 1/2 we get

= —ii. (5.12)

The modes Lg~ in (p.10) clearly annihilate (p.9). Regarding the supercurrent G, in (f.11),
the modes G, and )2§>0 annihilate (5.9), but 1/1‘;’ /2 does not annihilate the first term
in (F.9). Thus we need that term be to absent, which only happens when m = h — 1, since
the @, ;5 operators belong to a discrete highest weight representation of SL(2, R) in the
unflowed frame F'. We have found then that the state

Oy ®nnVa1 - (h-1)[0) (5.13)
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is a superconformal primary with Ly = 1/2 in the F' frame. According to our discussion in
section P, it is annihilated by Jo , Ky , ie., is the lowest weight of a representation of the
global algebra J()A, K§ in the flowed F' frame, with spins
k
H:J:h—1+w7, (5.14)
so the chirality condition is automatically satisfied due to (5.19). To obtain the rest of the
states in the multiplet, we act on (5.13) with

Ji =30 +if (5.15)
K =ki +kf (5.16)

and sum over x,y. In the x,y basis the full multiplet will be the product of the operators
created by the separate action of ja' , jar ,l%ar and k‘g' . Note that all the modes in the
multiplet will be superconformal primaries with Ly = 1/2, since Jg’ and Kg' commute
with L, and G,.

We get thus that the type (—) physical chiral operator, in the spectral flowed sector

w, in the —1 picture, is

O (,) = €O (@, )1 () xu (1) (5.17)
where 1, (z) and x,,(y) are defined in ([.24) and ({£.35), and
Oh,w(xa y) = q>h,w(x)vh—1,w (y) ) (5'18)

with @, ,(2) and Vj,_1 4, (y) the holomorphic parts of the operators (B.43) and (B.63). The
field Op (2, y) is a kind of spectral flowed version of Oy (x,y). Its conformal dimension
and spins are

A=—uw—w, (5.19)
k
H:h+w7+w, (5.20)
k
J:h—1+w7—w. (5.21)

In the physical operator (b.17), it appears combined with the field 1.,+1(z)xw(y), whose
quantum numbers are

1

A:w2+w+§, (5.22)
H=-w-1, (5.23)
J=w. (5.24)

Summing the quantum numbers of the bosonic and fermionic operators gives A = 1/2 and
the chirality relation (5.14), as expected.

Note that we could also have started by applying, to the original state (f.9), w units
of spectral flow in SL(2, R) and —w units of spectral flow in the SU(2) sector. In the frame
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F, we would get a highest weight state for SU(2), and after summing over the multiplet
created by J;, K, the final operator would coincide with (5.17).

For the computation of the three-point functions, we will need the form of O}(l_u)](x, Y)
in the zero picture. For this we can apply the picture rasing operator e?G to (b-17). But
since e?G commutes with Jar ) Kg' , it is easier to first change the picture from —1 to 0 in
the mode (B.13) by acting on it with G_;, expressed as in (p.11)), and only then generate
the full multiplet with J(;", Ka'.

We need to use the following commutators

(G a2 ¥ 0y = T2 =00+ (5.25)
[é_m@h,m] = %i)él/ng,Oi)h,ﬁm (5.26)
[é—yz,f/j,ﬁ] = %Xﬁl/Qéa,Of/j,ﬁ (5.27)
and when specializing to m = h,nn = —j, we also use
Jal0) = 235597, 10 (5.28)
b2 90 j274,0®800]0) = —hiﬁil/g/;?il/g‘fh,h!@ (5.29)
R a0 Vg l0) = 5% Vrmgl0) + 2%, Vi g110) (5.30)

Collecting all the terms, the picture zero operator in the flowed F' frame, expressed in
terms of unflowed operators is

. 2 ~ ~_ = - =

<J—1 +20- hww?il/z?/)_l/g) Py nVih-1,—(h—1)|0) (5.31)

2 . = - N O N

+E(1 - hw)Xil/2¢_1/2<I>h,th—1,—(h—1)|0> + EX_1/2¢_1/2¢h,th—l,—h+2|0>

where
k

he = h + 7‘“ (5.32)
Note that in the last term the unflowed SU(2) primary f/h_l,_h has n = —h, and not
n = —h — 1 as in the rest of the terms. We can act on this state with JJ,K&F and sum

over all the states. This gives finally the operator

Zyowy) = 20 @) + 217 (2,y), (5.33)
where
z = V1/k §1-w(@) O (%, y) P () X () (5.34)
+V/2/ k(1 = ) O (2, )5 11 (€)X (9)
2y (a,y) = ( DY /2/k(1 = o) Op o (%, y) o1 ()5, (1) (5.35)

w+1\/—@hw Vh 1w( )¢w+1(x)Xw+1(y)7
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These two terms of Z( ) come from the first and second line of (b-31). In the second term
of (B.39), we denoted by Vi_1.,(y) the SU(2) multiplet of spin J = h — 2+ kw/2 obtained

by spectral flowing the operator Vh_17_h+2 (instead of TN/h_L_hH). We also defined
Jormw(@) = g5, = 2052 + 275, (5.36)

which is a combination of modes of j4 with H = —1 under the global SL(2, R) algebra.

The reason for splitting Z}(L_)(x, y) into two terms in (5.33) is that both fermion num-

W
bers I, and F), change by one unit from one term to the other. Since in a non-zero

correlator the fermion number should be even independently in the v and x sectors, when-

ever Z}(;u’)l)(:n, y) is non-zero inside a correlator, the contribution of Z}(L;’)z) (z,y) will vanish,

and viceversa.

Following the same steps for the (’),(LJF) operators, leads to the flowed operators
O ) (,y) = €2 Oh (i, y)u () Xu41(y) | (5.37)
where now
H=J = hy h+k7w (5.38)

In the zero picture this operator becomes

Z @y = 20 @) + 252 @), (5.39)
where
Z \/—k? 1—w(y)On w(3j Y)tw () Xw(y) (5.40)
+\/— 1—h Ohw(w ) (@) x5 () |
2109 (,y) w“\/— 1- Ohw(w )i () Xwt1(y) (5.41)
1)1k () Vi 1,0 (1) w1 (2)Xws1 (1) -
Here

koi—w(y) = kT —2yk> ., — vPkT_, (5.42)

is a combination of modes with J = 1 under the global SU(2) algebra, and ®}, () is the
field obtained by spectral flowing the operator (i>h7h+1 (instead of (i>h7h ).

1/2 BPS flowed spectrum in the R sector. To construct the spectral flowed Ramond
1/2 BPS operators in the —1/2 picture, we start from the state

‘5h,h‘7hw—1,1—h === (5.43)

It is easy to check that in the F' frame, this is a superconformal primary with Lo = 3/8.
Moreover, using (f.11), we see that it is annihilated by Go. This ensures that (5.43) is
in the BRST cohomology. Applying the usual procedure of constructing the multiplet in
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Op. | Pc|Expansion Fy, | F, |H=J
o) |1 [e 20 utuwsixu wtl] w
2010 [V/1R) 10O wtbwxw + /2TF(1 — b Onast?, 1 Xoo w | w |h—1
2P0 [0k 5 it (V2(1 i) Onao X, + @V ) [ w1 w1

o) [ -1 ]eOnul@ )w@)xwn () w Jwtl
Zf(z+z1’11) 0 [V1/kk_1—0wOhwtwXw + V/2/k(1 = he) Onwtbuw X3, 1 w w B
200710 b E v (V20— ) Onasth + @), Vi 1t 1) wil]wtl

O,(Lazu —% e_¢/2(9h,w(:1:,y)5 (z,y) et 5 (Ha—Hs) )
2, | =3 -VERhy = 1)L 3920, (@, y)S] (w,y) eF2 ) R

Table 3: 1/2 BPS operators in the holomorphic sector with w units of spectral flow.

the (x,y) basis, and adding the dependence on the T* twisted fields and on the bosonized
ghosts, we arrive at the 1/2 BPS physical operators
o

Lw

(2,y) = e 20 u(x,y) Sy (2, y) e* 2 H1=H5) (5.44)

To obtain the physical operators in the —3/2 picture, it turns out that we need to start
with the state

O Viliaonl = —+) - (5.45)
This leads to the operators

Vi

()
zZ S & —
nl®Y) = = B T )

e 32O, y) S} (2, y) 53 (1= H3). (5.46)

Let us now check that these are the correct expressions for the physical operators in the

-3/2 picture. A short computation gives

_(2h =1+ kw)
Vk

so we see that the operation of picture raising brings us from Z}(Lal)v(w, y) to O}La) (x,y). The

w

Go |Onw(,y)Se (2,y)) = |Onh,w(z,9)Sy (2, 9)) (5.47)

relative normalization factor —(2h — 1 + kw)/v'k appearing between the operators in the
—1/2 and —3/2 picture will play an important role in the following.

5.1 The ADE series

The holographic duality that we are considering assumes the A-series for the modular in-
variant partition function of the SU(2) WZW model. It is an important open question
what the ADE classification of the SU(2) modular invariants [53, 5] corresponds to in the
boundary theory. Here we observe that the construction of 1/2 BPS operators can be car-
ried out consistently also in the D and E cases, since the mapping of SU(2) representations
under spectral flow (B.51]) is consistent with the ADE classification. Indeed, the level k”
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and the spins j of the representations that appear in the diagonal terms of the D and E
modular invariants are (I = 2j)

Doy i1 k" = 4t 1=0,2...k"/2

Dopio K'=4t—2  1=0,2...k"/2

o K" =10 1=0,3,4,6,7,10 (5.48)
E; K" =16 1=0,4,6,8,10,12, 16

Eq K" =28 1=0,6,10,12,16, 18,22, 28

We see that whenever a representation [ appears, the representation &” — [ is also present.
Therefore, much like in the A case that we have described in detail, each 1/2 BPS operator
in the unflowed sector gives rise to infinitely many flowed operators, one for each positive
integer w.

6. Three-point functions of 1/2 BPS flowed operators

Since all the flowed chiral operators involve the field O, , = @}y Vi—1,0, We will be inter-
ested in the product of

Cy(wi, hi)
Dy a0 ¢ ¢ =
(Phs w3 (23) Phgwn (£2) Phy sy (21)) |19 |Prwn Hhn =P | o [Frwa Fhws =Ry | g | R Ty =hu
(6.1)
and
(Vig,ws (43) Viz,wa (¥2) Vi un (91)) = Cs(wi, ji) x (6.2)

X |yrgffwr Hwa s ygg|Jwathus ZJwn [yyg [Jus Fiwr =T

with j; = h; — 1, and we have defined

k" w;
2

The dependence of these correlators on z; and y; is fixed by the action of the zero
modes (B.4() and (B.63). Since the fields V;,,(y) are descendants of SU(2) primaries, their
three-point function C's(wj, j;) can be obtained from those of the primaries using standard
techniques. We will not perform these computations in this paper, except for the extremal
case jJuws = Jwy + Juwy, Which is trivial. Still, we can use the SU(2) tensor product rule for
the SU(2) spins ju,,

s < oy + G i£j#k k=123, (6.4)
and the relation
Ji < Jj + Jk s (6.5)
which holds between the primaries, to deduce, for (.9), the selection rule

w; < wj + W . (6.6)
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The three-point functions of the H; model in the unflowed sector were obtained in [p4, p).”
General three-point functions in the flowed sectors in the x basis are not known yet, but
it was argued in [P§] that they satisfy a selection rule less restrictive than (f.§), given by

wigwj—i—wk—kl. (67)

As far as we know, the only known flowed three-point function in the x basis was obtained
in [2, and corresponds to the case w1 = 1,wy = w3 = 0. This is allowed by ([.7), but
violates the relation (B.§) which the chiral operators must obey.®

6.1 Fusion rules
The fusion rules of the boundary correlators are (R.16)

For unflowed representations, these fusion rules coincide in the bulk with those of the WZW
model. According to the enlarged bulk-to-boundary dictionary, the lengths n; are

n; = 2§; + 1+ kw; (6.9)
and therefore (B.§) is equivalent to the fusion rules of the bosonic SU(2)_2,
Ji <75+ Jk (6.10)
combined with the rule (p.6)
w; < wj + wy . (6.11)

which we obtained above.
The above results were expressed in the language of N = 4, but one can verify that
the agreement holds also for the N = 2 fusion rules, including the operators of type a.

6.2 String two-point functions

In order to compare bulk and boundary three-point functions, operators at both sides
should be normalized in the same way. In the chiral operators (’),(f’f}), both the Vj,, and
the fermionic factors, as well as the ghosts, have two-point functions normalized to 1, and
the only subtlety comes from the ®4, ,, operator. The two-point functions in the H ?-’i- WZW
model diverge as

(tIDh,w(a:l)CI)hgw(xQ» = ’3312’_2th(}1, w)é(h — h/) , (6.12)

"See also [@ 7@]

8Several aspects of three-point functions in the spectral flowed sectors of H. ;r were studied in [@f@] In

these works, either the w1 = 1, w2 = ws = 0 case was studied in the = basis, or general states were studied
in the m basis. In the latter case, the conservation of U(1) charge imposes always a relation of the form
ms + k"ws/2 = m1 + k" w1 /2 + 2 + k" w2 /2. This extremality condition for the flowed spins m; + k" w; /2
is never satisfied in the cases needed for the chiral operators.
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and this divergence comes from the infinite volume of the Killing group in the target space
which leaves invariant the positions x1 and xy of the two operators. In the string theory
two-point functions, this infinite is multiplied by a zero coming from dividing by a similar
infinite associated to the Killing group of the worldsheet, thus leading to a finite string
theory two-point function [R(]. Remarkably, the finite result of this cancelation depends
on h. Let us call ®p,,(x;)S; (i = 1,2) to the full operator, were S; stands for the ghosts,
fermions and SU(2) operators. Then the string theory two-point function is

(@h(x1)51®h(x2)52>5mng = (2h -1+ kw)qh ‘xlg‘_2hw R (613)
where
- Bm (6.14)
= "o ’ '
Here
V_2h+1 5
B(h) =~ (1 = 2k — 1)) (6.15)

is the coefficient of the Hy two-point function (p.19) for the unflowed primaries and we
assume

(51(1)52(0)) = 1. (6.16)

The expression (p.1J) requires some comments. In the case w = 0, a detailed derivation
of (6.13) was given in [fj] following ideas of 2§ (see also [[[J]). We see that, up to h-
independent factors, the constant from the cancelation of the infinities is (2h — 1).

In the flowed case, one expects changes both in B(h) and in (2h — 1). The former
should change because the flowed two-point function in the x basis of the H. ?:r WZW model
is the two-point function in the 7 basis of the original operator in the F frame. The
explicit form can be found in eq. (5.18) of [2§], but when m = m = h, the contributions
depending on m,m cancel and we get B(h,w) = B(h). As for the (2h — 1) factor, it is
shown in [2§] that it changes to (2h — 1 + kw) by introducing a suitable regularization of
the divergences. We refer the reader to Sec 5.1 of 2§ for more details.

Using the above result for the string theory two-point functions, the normalized chiral
operators are, in the NSNS sector,

cOF (2, y)
Van2h =1+ kw)’
2\ (x,y)

Z(E,E) x, — , 6.18
i (:9) Van(2h — 1+ kw) (6.18)

(6.17)

Oy (x,y) =

for €, = . The R sector has an important subtlety. The computation of () in the
sphere requires the total picture number to be —2. So we can take one of the operators in
the —1/2 picture and the other in the —3/2. Taking into account that operators in these
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two pictures differ by a factor of (2h — 1 + kw)?/k, the string two-point function (p.13) in
the RR sector becomes

(171) (272) . _ th —2hw
(Oh,w O}%w >Stmng = (2h 1 —I——k:w) ’3312’ (619)

and therefore the normalized RR operators are

(2h — 1+ kw)

(a,a)
cO T,1). 6.20
kqh h,w ( y) ( )

0y (z,y) =

The normalized operators in the R-NS cases are similarly obtained. Note that we have
included also the ¢ ghost as part of the normalized operators.

6.3 String three-point functions
6.3.1 R-R-NS correlators

The two possible correlators of this type are

(O (23,53) 04, (2, 52)05 ) (21, 31) (6.21)
1
2y — 1)(2hwy — 1)\ 2 g6, A2, ,
= (G ) 0 e w02 0L 1) (62)
w1 1 2 3
Wy — 1) (2R, — 1)\ 2 96 Cr (ws, hi) Cs(wi, ;) C3(w;)
_ 3 2 ! (6.23)
(2hw1 - 1) k\/ dhy9h29ns '
and
<@§;:}_3)( 3,Y ) ha, wz( ) h1’2u)11(x1’y1)> (6'24)
2hw 1 2h - 2 g s )
:CWZf%%%ﬁ-gqm<ww;u%wﬁz@%»wm
w3 1 2 3
Mgy — 1)(2hy, — 1)\ 2 96 Crr(wi, hi)Cs(wi, i) D3 (w;)
_ 2 ! f (6.26)
(2hw3 - 1) k\/ thqthhg ‘

where j; = hy — 1 and we have omitted the the dependence on z;,y;, which is standard.
The three-point functions Cy(w;, h;) and Cs(w;, j;) were defined in (B.J]) and (p.9), and
Cy and Dy are

Cr(wi) = (Suy (23, Y3) Sy (72, Y2) Yoy +1(21) Xuor (Y1) (6.27)
Dy(wi) = (Yws (73)Xws+1(Y3) Suy (22, y2) Sy, (21, 91)) - (6.28)

In (6.23) and (.24), Cy(w;) and Dy(w;) appear squared because we include the holomor-
phic and antiholomorphic contributions.

For these correlators we will specialize to the N = 2 extremal three-point functions,
which are the cases computed in the boundary theory. The extremality relation is

J3 = J1 + Jo, (6.29)
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and the correlators (p.23) and (.26) correspond to the N = 2 cases

() () = (0 (6.30)

respectively. In the first case (5.23)), the total spin for each operator is

Ji =751+ k:wl/Z (6.31)
Jy = jo + kws /2 + 1/2 (6.32)
J3 :jg—l—k’ZUg/Z—l-l/Q (6.33)
and for the second case (f.20)
Ji = j1 + kwy /2 +1/2 (6.34)
Ja :jg—l—k’ZUg/Z—l-l/Q (6.35)
J3 = jz+kws/2+1 (6.36)
In both cases (6.29) gives
w3 = Wy + W, (6.37)
J3=n+7J2. (6.38)

and combining these relations with the bulk-to-boundary dictionary

n=2j+1+kw (6.39)
we get

ng=mni+ng—1, (6.40)
as in the boundary. In order to get a precise agreement between the bulk structure con-

stants (6.2d) and (6.26) and the boundary expressions (R.13) and (R.14) the following
identities should hold?

(6.41)

<i>1/2 96 Cr(wi, hy)Cs(wi, ji)CF(wi) g6 Cri(wi, hi)Cs(wi, ji) D} (w;)
/Ty Qhyns k\/Qny Qhyns

N
We will now turn these expressions into a prediction for C(w;, h;), since the other factors
can be easily computed. Let us start with the fermionic couplings. The fermionic operators

“Note that even before specializing to the extremal cases, () and ) coincide with the boundary

couplings () and (R.14)) if we assume ) This fact, along with the predictions for these type of
non-extremal correlators presented in [E], suggest that (p.41) might hold even without assuming (.37)
and ()7 but we will only consider the extremal case in this work.
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have the expansions

() = Y Uy (6.42)
Xoly) = Y y Ty (6.43)
w—l—%
S;($,y) _ Z x—m+w+%y—n+w+% Sr(n_,hw) (6.44)
mmn=—w—1

2

In terms of these modes it is easy to see that

_7w _7w w 1 w
Cf(wi) = <S(—w3—3)1/2,—w3—1/2 5&2—12}2,w2+1/2 lelilTw11> (6.45)
_ w, w3z+1 (_7w ) (_7w )
Diy(wi) = <U—13uaT—1303—1 Sw2—12/2,w2+1/2 Sw1+11/2,w1+1/2> (6.46)

All the modes are either lowest or highest elements of the multiplet, except for

(_’w ) — 4 (_7w )
SWQ—12/2,1U2+1/2(0) =Jo Sw2+12/27wg+1/2(0) (6.47)

_ 7{ dre—i () (e+mg(z)_e—mg(z>) ¢i(wa+3) (H1 (0)+ H2 (0)— £ H3(0)
0
Inserting this expression into (6.45]) and (p.46), we get

Cy(w;) = Dy(wy) = 7€ da(z — 1yws w21 (6.48)
__witwal (6.49)
(w1 + ws)!

where we used Cauchy’s theorem in the last line. The result Cy(w;) = Ds(w;) is a consis-
tency check on the prediction (p.41]).
Let us consider now Cg(wj, j;). The k3 current can be bosonized as

3 ) k://
K =i\ 5o, (6.50)

Y(2)Y (w) ~ —log(z —w), (6.51)

with

and this allows to represent the affine unflowed primaries of SU(2)y as
[
Via ="V s, 5, (6.52)

where X, 5 are fields in the parafermionic SU(2)/ U(1) theory. In this representation, after
spectral flow with w > 0 from the n = —j state, the lowest/highest weight states of the
global SU(2) multiplet with spin j, = j + wk” /2 are

Fidw Y

24j for w even

vy = (6.53)

+ijuwr/ Y
e J \/k» Ek”/Q—j,:l:(k”/Q—j) fOI"LU odd
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These are the vertex operators that create the states (B.53) and (B.54), and their highest
weight counterparts. From the extremality condition w3 = wy 4+ wq, it follows that either
all the w;’s are even, or two of them are odd. Without loss of generality, we will assume
that in the latter case w1 and wg are odd. Using the above representation for VI, . we get

Cs(wi, ji) = (V_”’;’;U3 Vi Vi) (6.54)
{ (S inSinia it in) for all w}s even (6.55)
(B s b [ 2 o )2 2 Sk [2— /251 ) for wy, wy odd
{ Visr—iaVigiia Vivgs) for all wis even (6.56)
(Vis,—is Vi j2—ja o 12— Vi j2—j1 o 12—1) for wy, w; odd

These identities follow from the fact that the boson Y is a free field and its contribution
to the correlation functions is trivial. In the extremal case j3 = jo + j1, we have

(Vis,=isViaj2 Virn) = Cs(Js, j2, J1) - (6.57)

This is the three-point function of the SU(2)x~ affine primaries in the y,y basis, given
by [B4*

Cstinninnds) = VAPIPG + 1) [[ o PU =2 (6.59)
i1 P(27:)v/~((25; + 1)b)
where
J=J1+tJj2+7s, (6.59)
b=1/Vk, (6.60)
Y(x) = 7F(F1(f)x) : (6.61)

The function P(s) is defined for s a non-negative integer as

= f[ y(nb?), P(0) =1. (6.62)

The expression (6.5§) has the remarkable symmetry
Cs(j1, 52, J3) = Cs(j1, k" /2 = j2, k" /2 — j3) (6.63)
and similarly for any pair of j;’s, as can be seen from the identity
P(s)=Pk—s—1). (6.64)
Therefore eq. (6.56) becomes

Cs(wi, ji) = Cs(ji) (6.65)

103ee also @, @]
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for any value of the w;’s.
We now have all the elements to go back to (p.41)) and predict the three-point function

@G ((wi +w2)!)?
Cr(wi, hi) = Csthi—1) \ wyly) (6.66)

for hg = h1 4+ hy — 1 and w3 = wy + w;. Note that there was a cancelation between 1/ VN
and gg/k, which in particular makes (5.64) independent of @1, as it should since this is a
statement on the worldsheet CFT, which does not depend on Q1.

The function Cg(j;) is defined in (p.5§) for semi-integer values of the j;’s, but
Cr(wj, h;) should be well defined for any values of the h;’s. So we expect that there
exists a generalization of (.64) for any h;. The most natural possibility is that Cs(j;) is

replaced by its extension to continuous j;’s obtained in [, given by

 VA)pe Y 3 Y(a — 2a; + b)
cs(ay,ag,a3) = ————T"(a + 2b) H T (2, + b)Y 2a; 27 (6.67)

b
T(b) =1

where a; = bj; and a = a; + az + as. But it should me mentioned that since (6.64) is
defined for hy = hy + hs — 1 and w3y = ws + wy, its generalization to general h;’s might
involve further subtleties. The function Y, introduced in [[€], is related to the Barnes
double gamma function and can be defined by

log Y (z) = /OOO dt [(9 - x>2 -t S5 —2)g) | (6.68)

R
t 2 sinh % sinh o

The integral converges in the strip 0 < Re(z) < Q. Outside this range it is defined by the
relations

T(z 4 b) = b= 2% (ba) Y () T(z+1/b) = b~ 2/ (2 /b)Y (z) . (6.69)
Using these properties, one can verify that cg(a;) reduces to Cg(j;) for semi-integer j;’s.

6.3.2 NS-INS-NNS correlators

The type of predictions that we can make in this case are somewhat weaker than in the
previous section. For example, let us consider three operators of type (——), such that

w1 + wy + w3 = even (6.70)

In order to have total picture —2, we consider a string three-point function with two @2_1; )

and one Zé_w_ )

<(I)h1,w1 (xl)q)hz,wz (x2)j—1—w3 (x3)(1)h3,w3 (l‘3)> = G(hlv wi)CH(wi’ hl) ) (6'71)

S

. Due to the latter, we will need the correlator

where the function G(h;,w;) carries the effect of the current algebra descendants, and we
omitted the x;’s and z;’s. Unfortunately, since the fields ®p, ., (x;) are not affine primaries,
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the standard techniques to obtain G(h;,w;) cannot be applied. The three-point function
we are interested is given then by

3
<@h1,w1@h27WQZh3,w3 > - ? H th(2hwl — 1) (672)
x Cpr(hi, wi)Cs (hi — 1,w;) (£ (wy, wo, w3))?

(2 — 2hg)
V2

where the squares come from the holomorphic and the antiholomorphic contributions, and

2
X <f<0>(w1 + 1, wo + 1, w3)G(hi, w;) + FO(wy + 1, wy + 2 ws + 1))

we omitted the standard dependence on the ;, y;. The functions f(© and f come from
the fermion interactions and are given by (.7d) and ([.75). This expression should coincide
with the first line of the boundary correlator (2.19) with €;, & = —, and this implies

Crr(hi, wi)Cs (hi — 1,w;) (f©) (w1, wg, w3))?

(2 — 2h3)
V2
= (M, + Py + Dy — 2)* (6.73)

2
X <f(0)(w1 + 1wy + 1, w3)G(hi, w;i) + FD(wy 41, ws + 2; w3 + 1)>

Similar expressions can be obtained by considering the other cases.

7. Conclusions

We have completed the bulk-to-boundary dictionary for 1/2 BPS operators in AdSs/CFTs,
giving concrete expressions for the physical bulk vertex operators in the flowed sectors, and
we have obtained some partial results about their three-point functions. The structure of
the string three-point functions (especially for R-R-NS correlators, where we were able
to be more explicit) suggests that the agreement with the boundary results in Sym® (7)
holds in the flowed sectors as well. A definite confirmation of this expectation must await
the evaluation of some missing three-point couplings in the ng WZW model, which is
an interesting CF'T question in its own right. It would be very interesting to see if the
techniques of [F4] are effective in this context.

An alternative approach to the evaluation of correlation functions in AdSs x S3 x M*
may be to exploit the ground ring structure discovered in [BI]. This approach is very
efficient in the minimal string [74, f§] and it would be interesting to see if it can be
adapted to this critical background.
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